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An analys  is is made of the s ta t ionary  wave p roces s  in a one-d imens ional  the rmoe las t i c  medium on 
the bas i s  of two heat-conduct ion mode l s .  The nature of the change in the phase veloci t ies ,  the 
damping coeff ic ients ,  the coeff ic ientof  connectedness ,  and the phase - sh i f t  angle a r e  es tabl ished.  

Twoapp roaches  a re  known in the rmoe las t i c i ty  theory,  which re su l t  in a finite ra te  of heat  propagat ion.  
Extens ively  used in one is a modif ied F o u r i e r  law which takes account  of the heat  flux re laxat ion [1-3], while 
the governing equations in the other  a r e  der ived di rec t ly  f rom the genera l ized  inequalities of entropy produc-  
tion [4, 5]. Such a genera l iza t ion  notonly r e su l t s  in a finite hea t -propagat ion  ra te  bu ta l so  contains a s y m m e t r i c  
heat-conduct ion t ensor  to l inear  theory  accu racy  [6]. We la te r  call  such models  the G r e e n - - L a w s  models  [5]. 

Substantial ly,  these approaches  descr ibe  d i f f e ren taspec t s  of a complex p r o c e s s .  The f i r s t  approach 
resu l t s  in a p roces s  with a quite definite re laxat ion,  s im i l a r  to the Maxwell model  in the theory of v iscoelas t ic i ty ,  
and the second model  is analogous to theVoigt  model  in the t heo ryo fv i s coe l a s t i c i t ywi th  e lements  of c reep .  It 
is c l ea r  that a m o r e  gene ra l  model  of the rmoe las t i c i ty  should conta in both phys ica l phenomena.  

One-d imens iona l  wave propagat ion to the accu racy  of both models  Ls studied in this paper .  By assuming  
that the heat-conduct ion equations for  the unconnected problem agree  to the accuracy  of both models  in form,  
we obtain a single cha r ac t e r i s t i c  equation, inthe case  of the G r e e n - -  Laws model ,  the coefficients of this equa-  
tion contain two p a r a m e t e r s  m .  and n . ,  which cha rac t e r i ze  the re laxat ion p roces s  and the ra te  of t e m p e r a t u r e  
change.  In the case  of us ing the modified F o u r i e r  law m .  =n . .  

The cha rac t e r i s t i c  equation is solved numer ica l ly  for  waves with fixed frequency andlength.  Asymptot ic  
fo rmulas  a r e  a l so  obtained to de te rmine  the phase veloci t ies  and damping coeff ic ients .  The nature  of the wave 
is analyzed fo r  different  values of the reduced f requencies  or  lengths under  the assumpt ion  that the phase  ve loc-  
i t ies  and damping  coe f f i c i en t sa re  smooth functions of thei r  a rgumen t s .  A wave forwhich the asympto t ic  fo r -  
mulas  of the phase veloci ty  govern  the veloci ty  of the purely  e las t ic  wave in the case  of the unconnected prob-  
lem is hence cal led a modif ied e las t ic  wave.  Another  type of  wave is co r respond ing lyca l l ed  a mod i f t ed the r -  
real  wave.  It is shown that, depending onthe p rope r t i e s  of themed ium,  the velocity of a definite wave can a l t e r  
the asympto t ic  behavior  for  d i f ferent  values of the  r educedf requenc ie s .  This  is the distinction f rom thedef in i -  
tions taken in [7]. 

1 .  F u n d a m e n t a l  E q u a t i o n s  

Inthe one-d imens ional  case  in the absence  ofvolume forces  and point sou rces ,  the modif ied Fou r i e r  law 
resu l t s  in the s y s t e m  of equations [8] 

cgou"-- x p ~ '  O' = u " ,  

TOO" + 0" - -  k 0 (p0ce)-' 0" + • (p~ce)-' (~0u' § u ') = 0, (1.1) 

c~=(~.~-2~t)p~ t, u=(3~-~2~t)~z r ,  O = T - - T  o. 

Here  different ia t ion with r e s p e c t  to the Lagrange coordinate  x is denoted by a p r ime  and with r e s p e c t  to the 
t ime t by a point.  

Moreover ,  the c l a s s i ca l  C l a u s i n s - - D u h e m  inequality resu l t s  in a finite hea t -propagat ion  veloci ty only 
under  addi t ionalhypotheses  butnot  inthe case  of a theory l i nea r i zed re l a t i ve  to the t empe ra tu r e  [9, 10]. Hence, 
the genera l ized  inequality 
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F i g .  i. D e p e n d e n c e s  of the  p h a s e  v e l o c i t i e s  c i =c0• ~i) - t  on 
the d i m e n s i o n l e s s  f r e q u e n c y  • =~o o ~  a ) e  =0. I) n ,  =0, H) n ,  = 
0 . 5 ,  IIl3 n ,  =0 .9 ;  e = l . 1 4 . 1 0 - 2 :  1) n , = 0 ,  m ,  = 5 . 0 ;  2) n , = 0 ,  
m ,  =20 .0 ;  3) n ,  = 0 . 5 ,  m ,  = 5 . 0 ;  4) n , = 0 . 5 ,  m ,  =20 .0 ;  5} n ,  = 0 . 9 ,  
m ,  = 5 . 0 ;  6) n ,  = 0 . 9 ,  m , = 2 0 . 0 ;  b) e = 0 :  13n, =0; e =0 .432 ,  n , = 0 :  
1) m ,  =0; 2) m ,  = 0 . 5 ;  3) m ,  = 1 . 0 ;  4) m ,  = 2 . 0 ;  5) m ,  = 5 . 0 .  The  
p r i m e d  n u m b e r s  a r e  c u r v e s  c o r r e s p o n d i n g  to the p h a s e  v e l o c i t y  

{32 �9 

os v -  ,v 

V V F 

(1.2) 

is p r o p o s e d  in [5], which  ho lds  f o r e v e r y  vo lume  V b o u n d e d b y  the c l o s e d  s u r f a c e  F of a body,  w h e r e n  i is  the 
e x t e r n a l  n o r m a l  to the s u r f a c e  F and 4, is a s c a l a r  func t ion .  If the funct ion 4, is g iven  a s  an  equa t ion  of s t a t e ,  
then t h e h e a t - c o n d u c t t o n  law is a c o r o l l a r y  of inequa l i ty  (1 .2 ) .  l n t h e  c a s e  of s t a t i c  p r o c e s s e s  4, = T .  The  
G r e e n - -  Laws m o d e l ,  ob t a ined  on the b a s i s  of (1 .2) ,  r e d u c e s  to the  s y s t e m  of equa t ions  

doU" - -  ZPo'  (0' + ~0")  = u" ,  

aoO'" + O - -  k o (pock) -t  O" + • (PoCk) -t u" = O. 
(i. 3) 

In c o n t r a s t t o  (1 .1) ,  new p a r a m e t e r s  a and  a 0 a r e  con t a ined  in (1 .3 ) ,  which  a r e r e l a t e d  by the inequa l i ty  
a _>a 0 >_0 r e s u l t i n g  f r o m  (1 .2 ) .  

Le t  us  m a k e  the a s s u m p t i o n  tha t  the equa t ions  of m o t t o n a n d  of hea t  conduc t ion  r e s u l t i n g  f r o m  (1.1)  and  
(1.3)  should  a g r e e  fo r  the unconnec ted  p r o b l e m  ( ~ = 0 ) .  Then  ~ 0 - a ~ .  

Le t  us e x a m i n e  p lane  wave  p r o p a g a t i o n  

u = u ~ exp [i (TIx - -  o~t)], 0 = 0 ~ exp [i (~lX - -  cot)]. (1.4) 

T a k i n g  a c c o u n t  o f ( 1 . 4 ) ,  we ob ta in  a c h a r a c t e r i s t i c  equa t ion  [8] f r o m  the s y s t e m  of equa t ions  (1 .1) :  

(~z __  Zz) (Z - -  in ,~  2 q-  i~ z) '-- e[ZX ( 1 - -  i n , X )  = O, 

X = r 1, ~ = co~o~-[ l, o~, = C2o Ooc~ k F  ~, 

n ,  : "%(o,, e = • 2 po  2 C~e l. 

(1.5) 

A n a l o g o u s l y ,  we obta in  f r o m  s y s t e m  (1.3)  

(~2 _ )~9 0r - -  i n ,  z2 + i~ 2) "+- e~ 2)r ( 1 - -  irn,Z) =- O, (1.6) 
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F i g .  2. D e p e n d e n c e  of the  d a m p i n g  c o e f f i c i e n t s  qi  =q0Im~ i, q0 =w*e~ I on the d i m e n s i o n -  
l e s s  f r e q u e n c y  X = w w * - t :  e =0: I) n ,  =0; e = 1 . 1 4 . 1 0 - 2 :  1} n ,  =0,  m , = 0 ;  2) n ,  =0, m ,  = 
0 .5 ;  3 ) n ,  =0.  m ,  = 5 . 0 ;  4) n ,  =0,  m ,  = 2 0 . 0 ;  5 ) n , = 0 . 5 ,  m* = 0 . 5 ;  6}n ,  = 0 . 5 ,  m ,  = 5 . 0 ;  
7) n ,  = 0 . 5 .  m ,  = 2 0 . 0 .  The  p r i m e d  n u m b e r s  a r e  c u r v e s  c o r r e s p o n d i n g  to the da mp ing  
c o e f f i c i e n t  q2. 

F i g .  3.  D e p e n d e n c e  of the c o e f f i c i e n t  B on the d i m e n s i o n l e s s  wave l eng th  ~ --c0~0~1: 
e = 1 . 1 4 . 1 0 - 2 :  1) n ,  = 0 . 0 1 ,  m ,  = 0 . 0 1 ; 2 )  n , = 0 . 0 1 ,  m ,  = 5 . 0 ;  3 ) n ,  = 0 . 0 1 ,  m , = 1 0 . 0 ;  
4 ) n ,  = 0 . 5 ,  m ,  = 0 . 5 ;  5) n ,  = 0 . 5 ,  m ,  = 1 . 0 ;  6) n ,  = 0 . 5 ,  m ,  = 5 . 0 ;  7) n ,  = 0 . 5 ,  m , =  
1 0 . 0 .  The  d a s h e d  l ine  I c o r r e s p o n d s  t o a  change  of the  c o e f f i c i e n t  A f r o m  [8]. 

w h e r e  m ,  = ~ w ,  and  the i nequa l i t y  m,_> n ,  >_0 is s a t i s f i e d .  Equa t ions  (1 .5)  and  (1.6)  a g r e e  w h e n m ,  = n , .  Then  

the  p h a s e  v e l o c i t i e s  fo r  both  m o d e l s  [c i = c0X (Re~ i) -1] and  the a p p r o p r i a t e  d a m p i n g  coef f i c  tents  [qi = q0 Im ~ i, q0 = 
~O,Co 1 (i =2,  3, 4)] of w a v e s  wi th  a f i xed  f r e q u e n c y  a r e  a l s o e q u a l .  

We ob ta in  f r o m  (1.1)  fo r  w a v e s  wi th  a f ixed  f r e q u e n c y  [8] 

u ~ u ~ exp [ - -  % gt + ~,[c~ -1 (x - -  r~. -I cot)l, 

- 1  (1.7) 
0 ~ u~ I A exp [ - -  o), gt -7- r (x - -  [~-1 cot) + a + "~], 

w h e r e  • = •  - -  ig is one of  the  two p a i r s  of r o o t s  of (1 .5)  and  the c o e f f i c i e n t s  A and  y a r e  d e t e r m i n e d  f r o m  the 

r e l a t i o n s  
1 l 

g 2  " ~ - 2 2 2 A -- ~ ( d  + [ s2 ) ff s2 + (si - -  ~2)21 , 

tg ~ = [(f2 + g2) s2 - -  ~2si + n~ ([2 + g~)~] (f~s2)-', (1.8)  

s, = g + n,  ([2__ g2), s2~= 1 - -  2n,g. 

We have  fo r  s y s t e m  (1.3)  f r o m  (1.6)  

u = u ~ exp [ - -  % l t  + o~,[c-~ l (x - -  ~ - l  cool, 

0 = u~ 1 B exp [ - -  oJ,It + o~,~Co 1 (x - -  h~-lCot) 4- ~ 4- 61, (1.9)  

w h e r e  X = • - -  i l  is  one of the two p a i r s  of r o o t s  of (1.6)  and the c o e f f i c i e n t s  B and  5 a r e  d e t e r m i n e d  f r o m  the 
r e l a t i o n s  

1 1 

B = [ ( h  24-12) "V h ~ 2 , [ P2  ~ -  ( P t  --~Z)2l ' 

tg 5 = [l (p~ _ [ 2 )  4- h~p2l [h (lpz + [z _ p,)]-,, (1.10)  

Pt = 1 4 -  n,  (h 2 - 1 2 ) ,  P2 = 1 - -  2n,l. 
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Fig. 4. 

t# tqo 

Dependence of the shift angle 
5 (rad) on the d i m e n s i o n l e s s  wave leng th  
}=c0~w.1; e = 1 . 1 4 . 1 0 - 2 :  1) n .  =0 .01 ,  
m. =0.5 (5.0; I0.0); 2) n, =0.5, m. = 
0.5, 3) n , = 0 . 5 ,  m , = 5 . 0 ;  4) n . = 0 . 5 ,  
m , = 1 0 . 0 .  The  dashed  line I c o r r e -  
sponds  to a change in the sh i f t  angle 
7 f r o m  [8]. 

If m ,  = n , ,  then  h =f, l = g ,  Pi =s t  ([ =1,  2), but the amp l i t udes  of the d i s p l a c e m e n t  and the t e m p e r a t u r e  0 
a r e  not  e q u a l t o  t h e a c c u r a e y  of the m o d e l s  (1.1) a n d ( l ~  and the  phase  shif ts  7 and 5 a r e  a l so  n o t e q u a l .  F o r  
e x a m p l e ,  in p a r t i c u l a r ,  f o r  m ,  =n .  ~ 0 

(A/B) 2 = 1 + n,  In, (fz ~_ g2) _ 292 (g _+_ 2n,f2)(fz _f_ g2)-i]. (1.11) 

2 .  A s y m p t o t i c  F o r m u l a s  f o r  W a v e s  w i t h  a F i x e d  F r e q u e n c y  

Let  the r o o t s  of Eq.  (1.6) f o r e  =0 be d e n o t e d a s  fol lows:  
1 

~.3  = -4- ~, ~~ = • (n,x2+iE) 2, (2.1)  

where Imp~ 0 has been chosen.  Then for  • <<1 we obtain f rom (2.1) 

c t=c0 ,  q l = 0 ,  (2.2) 
1 3 1 3 

C2=C0(2Z)-Y _}_0(~-~-), q2=qo(+X) Y +O(XT). (2.3) 

An elastic wave hence corresponds to the root }0 and a thermal,wave to ~0. 

For e > 0 we denote by }i that root of (1.6) which has the asymptotic form (2.2) for X <<1 and e ---0, and by 
~2 that rootwhich has the asymptotic form (2.3)under the same conditions. Then the wave correspondh~g to 
the root }I will behave as an elastic wave for X <<1, while the wave corresponding to the root }2 will behaveas 
a thermal wave. Let us consider ~i (i = 1, 2) continuous anddifferentiable functions of X- Under these hypotheses 
for e ~ 0 and ~<<1 we obtain the following asymptotic formulas: 

1 

c, = Co (1 -4- e) 2 + 0 (X2), (2.4)  

5 
1 

q~= ~ q o e ( 1  + e )  2 [ l § 2 4 7 2 4 7  

1 3 

c2 = Co [22(1 -t- e)-~l ~- + 0 (Z-7-), 12.5) 
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For X >>I and n, ~ 0 

I 3 

1 

cz, T = coal.22 + O(Z-'), 

' ( 2 . 6 )  1 
q~ r = -~- qob',2a,,22 + O(Z-i), 

! 
1 

{I + n, + era, :t: [(1 + n, + em,) 2 -- 4n,l-Y}, n 1 , 2  ----- 

t ( 2 . 7 )  
b,.2 ---- =F [(1 + e )a , . : - -  11 [(1 + n, + era,) z - 4 n , ]  2 

Here  c E and qE denote the a s y m p t o t i c  phase  v e l o e i t y a n d  damping coeff ic ient  of the m o d i f i e d e l a s t i c  wave 
which c o r r e s p o n d  as e --* 0 to the r o o t  ~0, while CT and qT a r e  the s a m e  quant i t ies  c o r r e s p o n d i n g  to the r o o t  ~ o 
unde r  the s a m e  a s s u m p t i o n s .  If 

c i = c ~ ,  q l = q e ,  q = c r ,  q2=qT (2.8) 

iS sa t i s f ied ,  t hen the  wavewi th  phase  ve loc i ty  c 1 is e l a s t i c  fo r  both • <<1 and X>>I. The  c o r r e s p o n d i n g  wave 
with phase  ve loc i ty  c 2 is t h e r m a l  in na ture  in the whole domain .  

If 

c t = c  T, q i = q r ,  c2=c~,  qz=q~,  (2.9) 

then a wave with phase  ve loc i ty  c 1 is e l a s t i c  fo r  • and t h e r m a l  fo r  • >>1. On the o ther  hand, the wave with 
phase  ve loc i ty  c 2 is t h e r m a l  for  X <<1 and e l a s t i c  fo r  X >>1. Which of the c a s e s  (2.8) o r  (2.9) is ac tua l ly  r ea l i zed  
is  d e t e r m i n e d  by the p r o p e r t i e s  of the m e d i u m .  Th i s  will  be d i s c u s s e d  below (Sec. 3). Let  us note 
tha t  the p a r t i c u l a r  ease  n ,  = 0, • >>1 wil l  r e s u l t  in the f o r m u l a s  

I 

% =co (I + e r a , ) -  ~ +  O(Z-'), 
3 

1 
qe = -~-  qo[(1 + e)(1 + ern,) - -  11 (1 + era,) ~ + 0(X-'), 

I t 

c r = Co[2(1 + em,) X] Y + O(X-T) ,  

1 1 1 

q r = q o x T [ 2 ( 1  +em,)]  2 +O(Z- -~ ' ) .  

(2.10) 

(2.11) 

3 .  A n a l y s i s  o f  t h e  R e s u l t s  

Resu l t s  of ca lcu la t ing  the roo t s  of (1.6) with an app rop r i a t e  p a s s a g e  o v e r  to phys ica l  quant i t ies  a r e  shown 
in F i g s .  1 - 4 .  The ca lcu la t ions  were  p e r f o r m e d  by us ing  the connec tedness  coef f ic ien t  e of s tee l  (e =1 .14  - 10 -2) 
and of polyvinyl  bu ty ra l  (e ~ 0 .432) [11] .  The  ac tua l  n u m e r i c a l  va lues  of the p a r a m e t e r s  n ,  and m ,  a r e  not  
known because  the phys ica l  quant i t ies  gove rn ing  these  p a r a m e t e r s  have e i the r  not  been d e t e r m i n e d  with suff i -  
c ient  a c c u r a c y  (the r e l axa t ion  t ime of  the hea t f luxv0) ,  o r  have gene ra l ly  not  been d e t e r m i n e d  (the r e l axa t ion  
t ime r Hence,  the ca lcu la t ions  have been p e r f o r m e d  in th is  p a p e r w i t h  s e v e r a l  n u m e r i c a l  va lues  of T o and 
(z in o r d e r  to e s t i m a t e  the poss ib le  e f fec ts  c a u s e d b y  these  phys ica l  p a r a m e t e r s .  

Le t  us examine  the behav io r  of f i xed - f r equency  w a v e s .  Graphs  of  the phase  ve loc i t ies  c i a r e  r e p r e s e n t e d  
in F i g s .  l a  and b fo r  e = 1 . 1 4  �9 10 -2 and e =0 .432 ,  r e s p e c t i v e l y .  The  bas i c  d is t inc t ions  between the cu rves  
obtained,  as  c o m p a r e d w i t h  the cu rves  c o r r e s p o n d i n g t o  the case  of the p a r a b o l i c h e a t - c o n d u c t i o n  equat ion [7], 
o c c u r  in the f r equency  range  c o m m e n s u r a t e  with the c h a r a c t e r i s t i c  f r equency  w,  o r  h ighe r .  It is unde r s tood  
that  we obtain the case  of the pa rabo l i c  hea t - conduc t ion  equat ion [7] c o n s i d e r e d  by Chadwick,  fo r  m ,  = n ,  =0.  
The  s i tua t ion  changes  fo r  m ,>_n ,  > 0. Depending on the value of  the connec tedness  coeff ic ient  e and t h e p a r a m -  
e t e r s  m ,  and n , ,  e i t he r  condit ion (2.8) o r  (2.9) can be sa t i s f ied .  In gene ra l ,  condi t ion (2.8) is a lways  con-  
s e r v e d  fo r  s m a l l e  and n , ;  i . e . ,  the na tu re  of the wave does not change .  F o r  l a rge  n ,  condit ion (2.9) is s a t i s -  
f ied.  It is seen  in F ig .  l a  (e =1 .14  �9 10 -2) tha t  condi t ion (2.8) is sa t i s f ied  fo r  n ,  =0 and n ,  =0 .5 ,  and condit ion 
(2.9) fo r  n ,  = 0 .9 .  As  in F ig .  l b  (e =0 .432) ,  f o r  l a rge  connec tedness  coef f ic ien ts  e condi t ion (2.8) is sa t i s f ied  
only fo r  sma l l  va lues  of m ,  (0.0 and 0 .5 ) .  Condit ion (2.9) is sa t i s f ied  fo r  values  of m ,  = 1 . 0 .  As a ru le ,  an 
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abrupt  change occurs  in the range 0.1_< •  The phys iea lmean ing  of this phenomenon is that  upon c o m -  
pliance with (2.9),  that wave which is e las t ic  for  • <<1 is always the fas t  wave, while that which is t he rma l  in 
nature  for  • <<1 is slow, but both cases  can be obse rved  upon compliance with (2.8) .  In pr inciple ,  this ag rees  
withthe Aschenbach re su l t s  [12]. 

The damping coeff icients  qi cor responding  to the phase veloci t ies  in Fig .  l a  a r e  r ep re sen t ed  in Fig.  2 
for  different  values  of m .  and n . .  Cha rac te r i s t i c  here  is the fact  that  the fundamental  quali tative m e a s u r e m e n t s  
occur ,  compared  to the parabol ic  equation ease  [7], in the f requency range )/>1.0, i . e . ,  above the c h a r a c t e r i s -  
t ic f requency.  

The connectedness  coefficient  B and the phase - sh i f t ang le  5 a re  cha rac t e r i s t i c  for  f ixed-f requency waves .  
The roots  of (1.6) to de te rmine  B and of(1.10) to de te rmine  5 co r respond  to a modif ied e las t ic  wave as in [7] 
(Figs .  3 and 4, r e spec t ive ly ) .  As in [8], the main  distinction f rom c lass i ca l  theory [7] is obse rved  for  ~ ~ 1 .0 .  
The change turns out to beno t  very  substant ia l  for  the phase - sh i f t ang le  (Fig. 4). The dashed lines I in Figs .  3 
and 4 show the curves  for  changes in these quantit ies de te rmined  b y m e a n s  of model  (1.1) [8]. As has been shown 
above,  they differ  substant ia l ly  f rom the curves  obtained by means  of model  (1.3) .  

T h e r e f o r e ,  taking account of the r a t e  of t e m p e r a t u r e  change in the equations of s tate  to the accuracy  of 
model  (1.3) is, jus t  as taking account  of heat - f lux relaxat ion,  n e c e s s a r y  at  high f requencies  (on the o rde r  of the 
cha rac t e r i s t i c  f requencies)  o r  for  sma l lwave leng ths .  The dependences obtained canbe  used  to check expe r i -  
menta l ly  de te rmined  re laxat ion  p a r a m e t e r s .  

N O T A T I O N  

u(x, t), d isplacement ;  T,  T 0, l inear  and initial t empera tu re ;  ;% /~, Lam~ constants ;  p, P0, l inear  and 
initia I dens ities of the medium;  a T ,  coefficient  of t he rma l  expans ion; ~ 0, re laxat ion  t ime of the heat  flux; k0, 
heat-conduct ion coefficient;  Co, specif ic  heat  per  unit m a s s ;  S, specif ic  entropy;  r ,  specif ic  heat  source  inten- 
sity; qi, heat  flux components ;  u ~ e ~ plane wave ampli tudes;  ~, wavelength; w, wave f requency.  
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